
t 
I 
I 

t 
! 

I 

t 
I 

I· 
I 

\ 
\ 

W-()70~ 

Vol. 1 
No.2 H .. S. ])ADSON et IlJ: ])evelopments in t;iJe Aeellrate Measurement o( High I'rell8ures' 

n"rcrrllers: III THOMI'SON . • \. ' M .. nml D. (:. LAMPAlm: 
Nnttl1'(' (Lond.) I,t, HSS (l!lriG). - 12J LAMI'A IW. D. G.: ['roc. 
I·. I~. g. Monogmph No. 21 (i i\L 1114 C. 27l (I !l:37). - I:{ J - . 
IInel H. D. ('UTIW";KY: Pl'(w. I. K I·:. Monograph No. :1:11 M, 
HI;!'. II:! (1!H10). - 141 '!'IImll',;oN . . \. 1\1.: 1'1'01'. I. K K 
J(lIi II. a07 (19.ill). - r5J ]<'ltoom:. K D. : I'\'() (l. l'Oy. ::loe. 247, 
100 (19!)H). - IIlJ CITTKOSKY. H,. D.: ,r. Hos. Nai. Bur. Htan<i., 
(Iii A No. :1. l47 (1 !l(1). - f7] DUNN. 1\. It'.: C'tnad. J. Phys., 
42. 5:1 (10tH). - LSl ['I'ocl'" Vnl'b'\lIx dll C. 1. P . .I\1. 2S. 71 
(1960). - r!l] I\b:om:m;. W. l? .. and I~. O. WI,:STJ"ALI,: .T. Iles. 
Nat. Jlur. ::ltand. 44, 447 ('1950). - [101 CLO'!'I lIIm. W. K: 
Proe. '[. E. E. 101 Part 1I No. 82. 4fi3 (19134). - [11] THOMl'­
SON, A. M.: I. R. E, TrI\Jls. Jnstr. 1 - 7 Nos. 3 nnd 4, 245 

(1!l:'j8), - [12] Mc:Gm:oou, M. C .. J. F. HERSH, R D. CUT­

l{QSKY, ~'. J<. HAltlns, and Jt'. R. KOTTlm: T. It. B. Trans. 
Insk., 1 - 7 Nos. 3 and 4, 2fi3 (19118). - [13] CUTKOSKY, 
It . D., and J. Q. 1:i1I1I';r,Ds: I. R K Trans. J nair. 1 - fI, 243 
(10GO). - [14] ,'THOKI·: . <l. W.: ,J. Opt. Hoc. Amcr. 47, 1097 
(10!)7). 

W. K. CI.OTlIUm 

Division of Applicd ]'hYHic:s 
N a.tionn.1 Sto.ndl1rds Laborn.tory, 

C. S. 1. H.. 0., University Grounds, 
City l~oad, Chippcndale, 

N. S. W., Australia 

Standards Division, National Physical Laboratory, Teddington, Middlesex 

Developments in the Accurate Measurement of High Pressures 
By 

\ 
\ R. S. DADSON, It. G. P. GREIG and ANGELA HORNER 

(Received October 29, 196d) 

With 7 Figures in the Text 

Abstract 
The measurement of steady high prcssures in a fluid 

system with the highest accuracy demands the usc of pressure 
balances (free piston gauges) of accurately known effective 
nrens. This requires II> precise knowledge of the way in which 
the effective areas of the piston-cylinder assemblies concerned 
vary due to the elastic distortion caused by the applied pres­
sure. 

Two methods which have bccn dirccted to thc solution of 
this problem are described. Thc first depends on a prinoiple of 
similarity as applicd to the rleformations of two assemblies of 
the sarno gcneral dimonsions but constructed of materials 
having substantially diffcrent clastic moduli. The second 
method mnkes use of measurcments of the flow cha.racteristics 
of the pressure transmitting fluid using two pistons having a 
known difference of diameter. 

The distortion factors are shown to be representable as 
linear functions of the pressure, so that the efIective area.' at 
pressure P is connected with that at zero pressure by expres­
sions of the form 

Ap = Ao (1 + J..P) 

whrre J.. may bc termed tho diAtortion coefficient. 
Tho finn.1 nceurt\cy of tho m"IlHHr('d diHtAlI't.ion (\oef(jci(~"t.H 

jij IthouL ± 20/.,. which eorl'llHl'olHIH \'0 Ml lIncerLainLy in "nue­
iivo urcn. of ahout ± 1 po.rL ill 106 aL 1000 bars inoreasing in 
proportion to the pressure at higher pressures. 

Some aspects of the practicn.l calibration of pressure ba·lan­
ces, carried out by direct balancing against assemblies cali­
brated by the methods described, are considered. 

1. Introduction 
The rapid development of high pressure techniques 

in the last few decades has given rise to considerably 
increased interest in the accurate measurement of 
high pressures, both 1n fundamental physics and 
chemistry and in the many associated industrial 
applicatiolls. In many thermodynamic studies, as for 
example the pressure-volume-temperature relations 
and virial coefficients of gases, the Joule-Thomson 
effect and the measurement of vapour pressures, the 
demands on accuracy are severe. Nevertheless until 
quite recently progrcss in high prcssme mcasnrcmcnt 
was much rctarded compa.red with the mcasuremcnt 
of the other thermodynamic variablcs , tcmpcrature 
and volume, and it is only within the last few years 
that Bome notable advance has been achieved. The 

object of this paper is to present an up-to-date account 
of some recent developments at the National Physical 
Laboratory which have contributed to these improve­
ments. The discussion is restricted to the case of 
steady pressures. 

There are two quite independent basio methods by which 
prcssures may, in principle, be mcasured or established, with 
precision, or by which other pressure· measuring equipment 
may be calibrated. The first, usually represented in practice by 
tho mcrcury manomcter or somc extension of it, dctermines a 
pressure in terms of tho height of a column of liquid of known 
density under known conditions of gravity. In thc second 
mcthod, pressure is mcasurcd directly in terms of the force 
exerted on a surface of known area. In practice tllis reduces to 
the use of the pressure balance, or free piston gauge, in which 
the force due to the pressure-transmitting fluid acLing on the 
base of a. cylindrical piston, free to movc in an accurately 
matched cylinder, is balanced by a known downard force 
derived from calibrated masses suitably supported on the 
piston. The calibration of the instrument is expressed by 
stn.ting the "effcctivc area" of thc piston-cylindcr asscmbly. 
and owing to t,h" distortion canscd uy tho al'pli·« forces this 
qUlllltiLy limy bo eXI'r.ct.(\d to vary wiLh pl'OHHllre. 

III Lh" high lJl·es.~ lll'e region pl'oper, however, tho pressure 
Imlo.nce is vil'tually the only instrulllcnt in the field for prn.c­
tical pressure measurement of the highest accuraoy, as high 
pressure variants of the mercury manometer are very difficult 
to operate even for fundamental calibration purposes. Two 
problems therefore present themselvcs: 

(i) the establishment of the effective areas of suitable 
piston-cylinder assemblies in absolute terms at low pressures; 

(ii) the determination of the changes of effectl ve area at 
higher pressul'CS due to the distortion of the assemblics result­
ing from the applied pressure. 

With regard to (i) details are Lei~g dealt with in ?~hcr 
publications and we shall only summar~ze the present r.osl.twn. 
In the more restricted field of barometrIC preHsilre the ;"\atuJnll1 
Physical Laboratory has for many ycars II1nin~aincrl stallrlnrds 
based on the mercury manomcter and reuehlllg un IU'(,III'11 CY 
of a few microbllrs (/jEARS &, CLARK 1!J:l:3; EI.I.101"r, WII_"'I.':-.'. 
~L\SON &, BraG 1960). Rccent 1I'0rk hall HhOll'n t hIlt the 1·1l(-,·LIV<' 
areas of piston-cylinder tlsscmblieH haHl'd Oil I'lln1lllLriH(J1I 'I illl 
a mcrcurv manometer of 0. fcw atilt mllg·. and I hllH~ ' ·I.I (' lIln1l·<I 
directly "from dialllclrni lIlea~ UrC IIll'IIIK lin lilt' l 'rtll'l,I)t)(,lIt ~ , 
a 1'(' in agr('cment to withillUIJOlll I purL in J(f (DoIl'MI,,, Ill!',;" 
IU.iS). 

Thu clastic diHlol'tion (:lfl·(·t (ii) wns for II J'ml( tilllU (·oIlHi. 
dc-red La lJo !~ fundamental difficulty in tlt(: Ulle of tilt' prellHurc 
balancc as an indcpendenL primary ijlandard, buL thi~ Hituu­
tion has now been ~mpletely altered with tho developmcnt 
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Ill' Il1l'titUt\H by whi"h t.h(l d"I"',"II""'" of 1'1li·('(.in' '\1'1'/1. "I'.,n 
I'f'('~H"I'U "my hI' d('lf'I'II,i1 ... d with """Rid"I'I1IoI(' """""''' '',\', '1'1", 
III'I'H"III, 1'''1''''' .1",,1 .. ill d"I,dl lI'ilh 1.1\'" il1d"I"'lIdl'lIl. 111"1.1",,1,,, 

,1\'1'1111'" I,h" .... ill1ilnl'il .\' .. lilld "11,111" 1111'1.111,,1 .. , 1'I" " 'IIt.iV 011'''"' 
lop<'ti 1\1, (ho Na(.iol1f1.1 'l'hy"i"1\1 Ln. 100 1'1« .11 1',)' It)!· I.hil'! 11111'1;0"11. 

::iovoml onrly al,Llllllpls to mtlatlllro these di8tol'tio" ell'eds 
by tho use of high pressure moreury Illn110lllot.crs of val'iOlls 
forms led to vcry inconsistent conclnsions as to the ordcr of 
ma.gnitude of the effects to be cxpccted (HoLnoRN &, SCHULZ"; 
1915; CRommLlN &, SMlD 1915; KEVJo;S &, DEWEY 1927; 
lIb,YERS &, JEssur 1931; B~;ATTm & EDEL 1931). 1I1IClll;r-s 
(1923,1924,1932) has discusscd o.pplico.tions to the cliffcrcntio.l 
type of piston·cylindcr assembly. The most rcccnt, o.nd by far 
t.ho most comprehcnsive, investigntion of this kind is that of 
NEWITT o.nd his collcagucs, using!\ 9-111 prcssurised diffcrcntial 
mercury manometer inst.o.llcd nt thc Impcrio.l College of Science 
and Technology (BE'fT, HAYES & NEWITT 1954; BET'l' &, 
NEWITT '1963). The mco.suremcnts, covering l\ rangc up to 
700 bars*, were difficult, o.nd thc resulting di~tortion fnctors 
for six pressurc ball\nco asscmblics of simiJo.r dcsign vo.ricd 
n.mong thcmselves by much 11101'0 tho.n would bo cxpccted 
from their construction. It seems that more extensive datl\ 
will bo necessary befol'o 0. fil1l\lasses~lllent of the high pressul'O 
Illcrcury colutllll can be nmde. ]tOffiUUOK ,y, CUAM (1937) Imd 
ROEBUCK &, IBs~a~ (1954) have dealt with 0. recent develop­
ment of tho multiple-column type of mercury mo.notlleter 
covering the range IIp to about 200 bars. 

The distortion errors of the "controlled-clearance" type 
of pressure balance lIsed at the National Bureau of Standards, 
Washington, have been considered by JOHNSON &, NEWHALL 
(1953) and by JOHNSON, CROSS, HILT. & BOWMAN (1957); (see 
also BENNETT &, VODAR 1963). It is hoped that the results of 
direct comparisons between the methods of calibration deve­
loped at the NBS and the NPL may be available in the near 
future. Accounts of the distortion errors of various designs of 
piston-cylinder assemblies from the point of view of elastic 
theory have also been published by ZUOJWVSKIT (1960) . 
SAMOILOY (1960), EBERT (1935, 1949, 1951) and TOYOSAWA 
(1063, 1964). These o.uthors, however, give primo.ry attention 
to the est.o.blishment of the distortion fo.ctbrs by calculn.tion 
rather than by expcriment. The present paper, on the other 
hand, describes direct experimental methods which are inde­
pendent of other pressure standards, and practically indepen­
dent of d€lto.iled elastic theory, to which appeo.l is made only 
in the calculation of small correction terms_ 

2. Formal Thoorotical Basis 

a) General 
As a basis for discussion of the methods described 

in this paper it is useful to develop a number of formal 
expressions for the changes of effective area of a 
piston-cylinder assembly consequent on the distortion 
due to the applied pressure. Initially, these formulae 
will not involve any assumption as to the form of 
distortion; later, however, the results of introducing 
certain simplifying assumptions will be examined. 
Unlcss otherwiso statcd, it is a.ssllmcd only that the 
piston nncl cyl indcr areinitildly stro,ight and coaxiltl, 
that, Lhol'O iH eil'(llilltl' HytrlmoLi'y in all planes POI'POIl­

dicll lM j,o 1.11\1 axiH, lI.nd t.Itat. Lito 1'1'(\1'41-1111'0 l,mnHlllit.l,illg 
Huid ill Lito in(,eI'liluteO 1l0WH ill al:COrdl~lIco wiLIt t,ho 
normal Jaws of viscosity. 

The essential features of the system are shown 
dia.gramma.tically in Fig. 1. The upward force due to 
the fluid pressure P applied t.o the base of the piston, 
corrected for the forces due to the pressure and 
movement of the fluid in the gap between the piston 
and cylinder, is balanced by the total downward force 
due to the load, W_ We denote by rand R the radii 
of the' undistorted piston and cylinder respectively, 
u(x) and U(x) the increases in these radii for a total 
npp\il'd pressure P, p(x) the pressure in the interspace, 
~\U :! h(:c) the radial separation, at the axial distance 

• \ l-.r - \()" ">'\/"m' - 1QlX/m._ 

.f; 1ll('I1Hlll'l'd .I'roll1 (.lt o IOWI'l' (,lid 01' j.li(' ,,; 141.011 , , 1.11(' 
I."L",I 1('111-(1.11 01' 1'111-(111-(1' 111(1111.. , 1/, I.h" 1'11'''1'1.;\'(' 111'/'/1 01' 
I,h" H'ytll 'f\11I I~I . I hI' ",!,,,lil ·.! I'I'IIHI4III'II I', 1I11t! wrill' 
U 1· ·'~ ~ 11, wliol'o ,til or 11, h., n Itlld ( I 111'<' vl'I'y 
small compared "iovi.th r. j> and p are always to be inLer­
preted as the amonnt by which the actual pressure in 
the system exceeds the. ambient pressure - normally 
atmospherie - to which the balance is exposcd, and 
the effective area as a factor of dimensions L2 which, 
when multiplied into the total applied pressure, gives 
the total downward force provided by the load which 

x-a 

Axis 
}'ig. 1. Diagranunatic sketch of piston-cylinder assembly (clearance shown . 
greatly oxaggcrated). -- Ullflistnrtcrl boundaries of pi.ton nn1 cylinder, 

- - - Distorted boundaries of pis ' on and cylinder 

is required to maintain the piston in equilibrium. For 
small applied pressures when distortion is negligible, 
we have from elementary cOllsiderations, 

Ao = n1'2 (1 + 2 H/r) (2.1) 

neglecting second and higher-order terms in 2 H/r, 
where Ao is the effective area at zero pressure. 

To obtain the more general formulae when dis­
tortion is present we note that the fluid forces acting 
on the piston have the following components: 

a) upward force due to applied pressure on base of 
piston 

Pnr2 [1 + 2 u(O)/r] ; 

b) upward force duo to fluid friction on flanks of 

piston )1 ( l) 
2n1' - Ii .~J!.. (ix 

tJ.~ , 
o 

I 

= 2 n1' S l--d(pll) + .J!.. (dU - .!!::")] rlx 
dx 2 d.c dx 

o 
c) upward force due to vertical component, of ap­

plied pressure on flanks of piston 
t .) 'f dll . . d ~ 1tI. Pdi ,r. 

o 
Thus the total upward force act.ing on t.ho piston is 

1 

Pnr2 [1 + 21.(,(O)/r] + 2 nr J [_ d(!~) + 
o 

+ 1?. (dU + d1£)] dx 
2 d1£ dx ' 
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= -=------
or 

I 

Pnrl [(1 + 2 Illr) + U(O) + 11(0) + _1_ f P 
r rP. 

(!lIZ + .!.l~ ) d.c] . 
d.l: dx 

The formula for the effective area is now 

Ap = jt1.2 [(1 + 2 liM + U(O); 1£(0) + 
I 

+ -- lJ -- + - - rlx 1 f (flU dll) ] 
r /' . rl.l· rl.e 

o 

o 

(2 .2) 

of which expression (2. t) is a special case with U and 
U 7.ero. \Ve may evidently obtain (2.2) more directly 
by visualising the neutral surface as the effective 
boundary of the piston in which case the frictional 
force corresponding to b) above vanishes and we are 
left simply with the pressure forces acting on the 
effeotive boundaries of the piston. We also have the 
equivalent form 

Ap = nr2 [1 + 2 u{O)/r + 

2 ( rl dp rl dn )] + tfi - It - l ~ , d.t: + 1) -l-:- ' cl,t] , c ., • ( ,t; 
(2.3) 

" " . 
I 

whi(lh iii t'()I\Vt'l\illllL 1'01' '"~O wholl t.lw illl.\\gmi J - h 
o 

I' 

: d.'!: (or S h dp) is of interest, I1S i!:l the casc, for 
o 

example, when the flow method (section 5) is conside­
red. 

b) The effects of special assumptions 

TI~e problem of calculating the actual changes of 
effective area of practical designs of piston-cylinder 
assembly, on the basis of the above general formulae, 

- is complicated. It would be necessary to know the 
interrelated quantities u, U and p as fUllctions of x, 

. and since the pressure gradient dp/dx is governed by 
the normal equation of viscous flow (see equation 5.1), 
the pressure dependence of the coefficient of viscosity 
would also necd to be taken into account. 1t iii not, 
however, the aim of the presellt paper to attempt such 
calculations, but rather to describe direct" experimen­
tal methods for the accurate determination of the 
distortion factors with the minimum of assumptions 
regarding the detailed behaviour of the system. We 
therefore consider only certain special cases which are 
useful in the applications which follow. 

A useful approximation may be derived from the 
foregoing equations by assuming that the component 
of u(x) or U{x) due to the fluid pressure in the inter­
space between piston and cylinder may be taken to 
be proportional to the pressure p(x) at the same posi­
tion. The relevant terms ill the integrals on the right 
hand side then become integrable without the neces­
sity for any further knowledge of the actual functional 
forms of u(x), U{x) or p(x). There is fair support from 
elastic theory for this assumption, more especially in 
the case of the solid cylinder in which the length is 
large compared with its radius, a condition which 
applies to the pistons of most pressure bn,lance asscm-

bliet! other t,han those catering for only a low range of 
pressure. Clml';" (IS::!!), 1.!)0'l) has given polynomial 
solutions for the equilibrium of a finite sulid cylinder 
for en.scs in which the lateral pressure is either a 
lineal' or quadratic function of the axial co-ordinate. 
The eOJl(.lition:; arc satisfied by functions u(x) and 
p(x) which arc accurately proportional, providcd the 
normal tractions over the flat ends, instead of being 
identically )',c['o, a,re assumed only to average to 7.ero. 
By Sn.int-Venant's principle, however, the effcct of 
this disturbnnec will he nppreeinble for only n. short 
disLn.lleo fl'Olll each olld, al1(1 llIay bo 1l(!~lcctcu jf thc 
mLio of' IOllgt,h to rn,dius il.! cOIl:;iucmLlo. 'rho COlll.!tl111t 
of pl'oportionality is tho same as in the easc of uniform 
pressure on a solid cylinder of infinite length. FILON 
(1902) has obtained solutions for pressure distribu­
tions expressed in series of trigonometric functions of 
x which lead to a similar result provided the wave­
lengths involved are fairly large compared with the 
radius. The effects of discontinuous pressure distribu­
tions, or narrow bands of applied pressure, have also 
been discussed (BARTON 1941.; RANKIN 1944; TRANTER 
&, CRAGGS 1947), with the gcncral result that oven the 
otfccts of cliscontinuitics are In.rgely lost nt, nn nxinl 
<l isLn.nr.e or on ly aboll t hnl r tho 1'I1d ills . 11', t.ht'l'l'ro,·(', 
t.il" 11I"1'HNII"1\ l'iln.lIgl'R ,dOli/.( t,ill' It ,")o(t.h or t.ll(' IIHHl'llI hi .\' 
/1.1'11 1'l'"Hlllmhly HIIIIIIII,h, 110 gn'al. 1'''' '0'' iH lil"'I ," 1.11 101' 
illOlll" 'l\d h,\' applyillg l.hiH IIHH'''llpl.illll t,1I 1.11t' l,i8/"'" III' 
Lhll II-HHtlllllrly. '1'lIldll).( illl.1I at ~IlOIIII(, t.h" IIddit.iolllll 
<:I1I~lIgO of' I'adills d 110 Lo tho lIml Lhl'lisL 011 Lhe pisLol1, 
it it! cu."ily shown t.hat tho rclevant term,S involving 'It 

on the right lu.nd side of equation (2.2) reduce to 
P {3 a - 1.)/2 E where E and a are respectively Young's 
modulus and Poisson's ratio, so that we now have, 
using also (2.1), 

I 

A = A [1 + P(3a-1) + U(O) + _1-Sp dU . dX] 
p 0 2E r rP dx 

o 
(2.4) 

Another useful form, obtained directly from (2.3), is 
p 

Ap = nr2[1 + P(3;-1) + r~ S hdP] . (2.5) 

o 

The application of a similar assumption t.o deal 
with the effects of internal pressure in a hollow cylin­
der with thick walls is less secure. CmmE (1D01.) has 
given a corresponding solution with U{x ) and p(x) 
proportional for the case where p{x) is a lincar func­
tion of x, but its validity would depend on the condi­
tions assuIUed at the ends. The case of a discontinuous 
distribution of pressure has been considered briefly by 
TRANTER (1.946). In the ideal case of a cylinder whoso 
length is large compared with its radius a nd wnll 
thickness, where the working section is rcmoved some 
distance from the points of attachmcnt of tho ellds, 
and the pressure distribution is reasonnbly Amoot h, 
a useful approxinlation may result, Pro(;eeding froll1 
equation (2.4), and taking for de(Jni t(; /H'sS thu (; IIfW 

where the cylindcr walls arc not subjected to long-it u­
dinal stress, we then obtain (LOVf: 1!):j2 ), d elloting by 
R' the outer radins of the cylinder, 

f P P l(1 + a) /I' 2 + ( 1 - 11)"'~ \ 1 
Ap = A o \ 1 + 2B (3a-l) + '!,/'J Jf' 2 -/(l Jl 

(piston) (cylinder) 
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or, combining the distortion terms, 

. Ap = Ao[1 + ~ (2(1+ R'2~2R2)] (2.6) 

In the limiting case with R'/R effectively infinite 
this reduces to the simple expression 

Ap = Ao (1. + 2; . p) . (2.7) 

Equations (2.4) to (2.7) are a useful basis for the 
development of certain small correction terms which 
a.rise in the theory of the similarity and flow methods. 

3. 'fho Similarity ~Iot.holl 

a) Principle 01 the method 
In normal pract,iee the assemblies for which eali­

bmtions aro pl'incipa,lIy l'equil'ecl Me cOIIHtl'uctcd or 
steel. Tho pt'ilwiplo ndopL()d ill t.ho :.dll1ill~l'it ,y lIIot;il()(L 
is fil'st t,o dctm'minc tho ratio 0(' Lhe elfl'divo lwen. of tho 
stecl piston-eylindol' n,ssembly ' of given type, at a 
aedes of pressUl'cs, to that of I. precisely similltr 
asscmbly eOl1st.rl1ctcci of u. matel'in,\ luwing u. substan­
tially different clastic Illo(llllns. This prOCe(luL'e rleter­
mines the difference between tho distOl,tion factors of 
the two assemblies u.s a function of prCSSUl'e. A second 
relation - the quotient of the two distortion factors -
is obta ined from measurements of the clastic moduli 
of the two materials. The combination of these results 
then allows the distortion factor of each assembly to 
be derived, as a function of pressure, in absolute terms. 

b) Ideal theory of the similarity method 
In its ideal form the similarity method is extremely 

simple, and involves no assumption regarding the 
form of distortion of the assembly when under pressure. 
In the ideal situation the two materials arc regarded 
as elastically isotropic, with lineal' stress-strain rela­
tionships and identical Poisson's ratios over the 
range of stress involved. The two assemblies are assu­
med to be constructed to the same principal dimen­
sions and to have accurately straight and circular 
pistons and cylinder bores. Ideally, the initial radial 
separations between the components of the two 
assemblies should be in inverse ratio to their elastic 
moduli, although it is found in practice that this 
condition is not critical. These conditions ensure that, 
as the distortion changes with increasing pressure, the 
annular channels between piston and cylinder will 
remain similar in form and that consequently the 
pressure distributions along the lengths of the chann.els 
will always remain the same for the same total applied 
pressure. 

If these assumptions are realised the distortion 
terms in the expressions for the effective areas will 
remain in a fixcd numerical ratio as the prcssure is 
varied. In other words thc effcctive arcas AI' and Rp 
of the two assemblies at tho applicd pressure P may 
be written in the form, 

AI' = Ao[1. + AAI(P)]; lfp = 130 [1 + Ani (P)] (a.1.) 

where AA, AI/ arc conAt;ants in inverse l'atio to t.ho 
olastic moduli, n.nd I (P) is a function of the applied 
pressure of which thc form is unknown but is ~ho sa.~e 
in both cn.ses. BeM'ing in mind thlLt thc dUltOl'tlOn 
terms 0.1'6 normo,lIy vcry smo,lI compared with unity, 
the. ratio of the o,reo,s may be exprcsscd in tbo form 

~; = ~: [1 + (AA -An)f(P)] (3.2) 

and writing A8 = k/..A, where k is a constant, we 
obtain 

Ap = ~ [1 + (1. - k)AAI(P)] , (3.3) 
lJp lJo 

The ratio Ap/Bp, and consequently the function 
(1 - k) AA I (P), may be determined easily and with 
high precision by simply measuring the loads on .the 
two pistons ,\;'hen the assemblies are balanced against 
one another and in equilibrium at the same pressure, 
and carrying out this procedure at a series of pressures 
over thc o,ppropriate range. The quotient, k, of the 
elastic moduli may bc uetermined by the standard 
methods for the measurcment of clastic constants. It 
is clelU' Lhnt in the iden.1 conditions postlllated theRO 
t,W() pl'OOe<llll'cR Hllffice to eHtnhli:·dl t.hc valu(1H of the 
dis{,ol'tion tel'lnH AA I( /') alHL A/J 1(1') to an 1l<:{;lIl'IlCY 

limited only by the sensitivity of the baln.neing process 
and tho precision to which the clastic constants are 
known. In gencral it is found to be the sccond factor 
which evelltlla.lly limits the accuracy at.t,aillnble, and 
to obtain tho best pl'ecision k should evidently ditTcr 
substantially from unity. . 

It is of partieular intercst that the rheologICal 
propcrties of the prcssure transmitting fluid - e. g. 
dependence of cocfficient of viscosity upon pressure -
are entirely eliminated in the similarity procedure. 

In order to simplify further discussion it is useful 
at this point to anticipate one practical result of the 
investigation, viz. that in most cases the distortion is 
very closely represented by a linear function of the 
applied pressure so that we may normally replace 
f(P) by P, when the quantities AA and )'8 may be 
reO'arded simply as pressure coefficients having the 
di~ellsions (pressure)-l. Thus we may write instead 
of (3.1), Ap = Ao (1 + AAP) etc., in all but excep­
tional cases. 

c) Eflect 01 depa1·tw·es from the ideal cond'itions 
It would be a somewhat fortunate coincidence if 

the ideal assumptions were completely realised in a 
pair of actual metals having a sufficiently large ratio 
of elastic moduli, and also adequat.e tensile strengths, 
to justify their use in practice, and it is necessary to 
eonsidel' to what extent minor depart.urE's may be 
tolerated, or whether reliable eorrect.ion terms can be 
developcd. Materials showing appreciable clastic 
anisotropy are hardly worth considerat.ion owing to the 
greatly increased complexity of the distort.ion of the 
system, and the labour of determining the complete 
set of elastic constants over a wide range of stress. 
Again, a pronounced departure from a linear st.r?ss­
strain relat,ion would introduco awkward complica­
tions; small departures ma,y be t.olcrable, subject. to.a 
cOlTespondillO' uncertainty in tho value of the elastLc 
modulus. In the case of a moderatc differencc in the 
values of tho Poisson's ratios, howevCl', it is not 
difficult to formulate It correction tcnll. This is small 
and need only be evaluated apPl'oxillllt!.oly. POl' t.his 
pUl'pOSO wo mn.ko uso of the formuln. (~.4), and exprcss 
the distortion coefficients in t.he form A._, = 0" + CPA, , , 
whcre 

0" = (3 alA) - :\)/'2 JiJ(A) '" (3.4) 

and CPA is that part of A.1 which is explicitly dopendcnt 
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on the dcfornl/ttion of tho cylinder. As the ratio R'/R 
is fn.il'ly largo in tbo act.ual CI1f1es considered, the main 
term cxpressing the cylindor distortion is proportional 
to (1 + a)fE, i. e. to l/G where G is the modulus of 
rigidity. 

Interpreting k as the quotient of t.he two moduli of 
rigidity, we now havc 

)./1 - )./1 -= (P,I - (/' /1 -I- O,t -- On 
.~ (I k) rp II + () , I - 0 II 

= (1 - k) A" + (kO A - OB) (3.5) 

determining A" in terms of the diffcrence coefficient 
AA - AB established by the balancing procedure, the 
value of k, and the cort'ection term (kOA - On). 

d) E :tlension to the use of th1'ee materials 

the distortion coefficient of tho assembly choson, i. e. 
S, without any appeal to tho olastic constants of the 
material of 8. Thcsc thrce derivations are not entirely 
indcpendent but, since the six independent elastic 
moduli involve five independent ratios, no one result 
is in geneml dcduciblo from tho othcr two. Procecuing 
on tl\e linCH of oCI'Iat.ion (a.!)) amI donoLinl-( by AS .. • 
t.ho LI'IHl vn.ltwfI of Lbo diHI.()I'Lioll (:ooffi(:iollt.H, (/s ... 

t.l1O 1I10dllii or I'igiuil,y, Os. . . Lho (!OI.TC8POlldillg 

correction terms given by equation (3.4), ASB ( = 
AS - An) ... the difference coefficients determined by 
the balancing experiments, and ksn = GB/GS ' •• , we 
have for the three possible experimental values, AS' 
).; and A;', of ;'s, the equations 

AS (kBS - 1) = )'BS - On + kBs Os (3.6) 

In the first series of experiments the material ),; (kTS - 1) = ATS - OT + kTS Os ,(3.7) 
adopted for the comparison assemblies was a form of 
aluminium bronze, known commercially as "hydurax", for the direct comparisons, and for the indirect 
the modulus of rigidity of 
which was lower than that Table 1. Sumrnary 0/ elastic con8tants 

of steel in the ratio 1: 1.44. 
The Poisson's ratio was 
rather .. highcr tha.n that of 
stcel (see Tau. 1 fo[, further 
deta ilfl). It Wn.H Ilppal'Ollt 
that n. cheek involving I~ 
thiru material, cliffcri llg 
8ubst.antially inelastic prop­
erties from those used hith­
erto, would provide a valu­
able test of the accuracy of 
the similarity method. An 
even better check would 
naturally be provided by a 
completely independent 
pair of materials. This In.ttcr 
extension has not so far been 
found pmcticaulc as thc 

Modulus of rigidity (G) Young's modulus (E) 
(dynjom2)* (dynjem2)* Poisson's 

Bxtensoilloter mLio (/1) 
Ml\terial TorHioll UILrI\Hon ie mothod UILrnfionio (UILrnHonie 

oxLonHolllOtcr 1'IIIHO (l1Icl~n of rmlU Its pultle PIIIIlC 
mothoc.l) moLholl method for tenHion n.nu method 

eomprcasion) 

Steel (K 9) 
(hardened 7.86 x 10" 7.92 X 10" 20.6 X 10" 20.5 X 10" 0.295 
and tempered) 

Aluminium 
bronze 5.45 x 10" 5.38 X 10" 14.46 X 10" 14.3. x 10" 0.333 
("hydurax") 

Tungsten alloy 
("GECheo.vy 
metal" - 13.56 x 10" 14.26 X 10" 36.1 X 10" 37.7 x 10" 0.2866 
speeifio gravity 
18) 

choicc of ma.tOl·in,h~ pOSSCSS- * 1 uynjem2 ~ 0.1 Njlllz. 
ing all thc qUIl.lil;ics rcqui­
rcd is limited . It has bcen founu possiblc, howcver, to 
cxtotHl I,he proced uro to includc threc matcrials, the 
thit'<l bcin~ n.1l I\,I/oy of il/ngHtcn known eommcl'cin.l/y 
n.8 "GEe II cavy Metal". This mlticril~1 proved to hn.vc 
a high clcgrec of isotropy and a Poisson's ratio vcry 
close to that of tho material used for the steel assem­
blies. The elastic moduli exceed those of steel in about 
the ratio 1.75: 1 and it was of advantage that in this 
case the comparison should involve a material having 
a modulus higher than that of steel in contrast to the 
'former comparisons in which the reverse held. 

In discussing this extension of the method it will 
be convenient to refer to the steel, bronze and tungsten 
assemblies by the initial letters 8, Band T respectively. 
With a group of three materials, the distortion coeffi­
cient of anyone assembly, say S, may be reached by 
three different routes, two of them direct - i. c. 
involving direct comparisons with the other two 
assemblies Band T - and the other indirect. In the 
latter procedure the distortion coefficient of one of 
the other two assemblies, say T, is first determined 
by applying the similarity principle to Band T, and 
the coefficient for S is then obtained by simple addi­
tion of the difference coefficient for Sand T. It is of 
interest to note that the indirect procedure leads to 

A~' (kBT - 1) = ABT - OB + knT OT + AST (kBT - 1). 
(3.8) 

Transposing those cqun,tions and making 
the subsidiary relations 

k BS kSB = 1 ... ; kBS kST kTB = 1 ; 

ABS = - ASB ... ; ABS + AS7' + ATB = 0 ; 

we eventually obtain 

(A~ - A;') (1 - kSB) = (A~' - A~) (kST - 1). 

usc of 

(3.9) 

(:UO) 

Since (1 - kSB ) and (kST - 1) are both positive it 
easily follows from this equation that the three values 
).~, A; and A;' must either be all equal or all uncqual, 
and that the indirect value A~' must be intermeuiato 
between the two direct values, whatever the nl~ture of 
the experimental errors*. The practical significance of 
various possible errors is examined in morc detail in 
section 4 b). 

e) D e/ermilla/jOlt 0/ evullic CfIlVl/alll8 

The clastic constants utilised in the inv('~tj~ntion were 
measured in the. 'trength of ~Iatcrialll :-.icc;lioll of the Hrillie 

* \\-c ignore cases where ('ithcr hn or k.'T is 80 close to 
unity that experimental errors might cause a cho.nge of sign 
of (1-ks8) or (k.~T ·1) since such conditions would not be accep· 
table /1.8 a basis for the similarity methoc.l. 
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Physics Division of the National Phy8iCl~1 Lnbomtol"Y, and 
included results obLnined by tho uILrn~()nic pulsc Jllct,hod 
(l\fAluurAM Ul57) ns well as hy t.he st!\l1durd stntic mothods 
~iving tho stress·strnin relations over 1\ wide mngc of stl·ess. 
Young's modulus WIlS measured both in tension a.nd comprcs­
sion using a )lartcns type rhomb and mirror cxtel1someter. 
The modulus of rigidity was determined by means of an NPL 
design of torsion extensometer in which readings were taken 
either with an n.nto('olJilllator or wit,h Lhe normal arrtlongclllcnt 
of Hralo allli ff ·I"I ... nlK'~. 

I'recllut iOIlM 11'\'1'(' t~lk(,1I to (,IINUrn tllflL t.hc Hlllllpic's uHc:cl 
for the llf('pn.rnt.ioll of kMt, pil'!:\'H were ljuffil'ionLly roproHclI­
t",tive of tho Illut,ol'inl UHOrl in UfO piHton-eylilluol' IU:lHtllllhlic·H. 
Where\'er possiblo the.v wcre selected from the sl\me piecc or 
batch of material. 111 cnses wherc this was impmcticablc, 
material of similar composition was used, care bcing tnken 
thnt n.ny heat trcntmcllts involv('d wel'o ndequntely ropro­
duced. A study by BROWN. COLI~ &, MAUKlTAM (1957) on the 
effects of lu'nt trcntment and tempering on the clastic moduli 
of the steels concerned illustrates the significnnee of these 
effects. 

The resulLs of the clastic moduills IllCnSllrements are 
sumnmriscd in Tab. 1. On tho whole Lhe ngl'Celllent betwron 
the ultrasonic and stll.t,iu nwt,hods is good, the diRcrepancies 
rarely exceeciing '1 or 2()~, . .It aeonwd dl'sirnblr, however. to 

. decide on a l'onsistent bUl:!is for the choice of tho nctlll\l values 
to be adopted in prnctire, especially ns I'cgnl'ds the values of 
G and (J. which are pnrticularly important in the applicntions 
to the similarity method. It was decided, after consultntion 
with experts in the field of elastic properties, to proceed ItS 

follows: 
i) For the modulus of rigidity, to adopt the stntic vnlues 

tnken ovor a wide I'Ilnj.(o of stress, us being those most likely 
to ho reprcH\'ntuLivo or Lhe cOlI(liLions ohtaining in pmciicu 
when the system is subjected to sustnined rorees. ] tis pcrtinent 
to note thnt ns we nrc interested only in t.IlC ratio of tho valueB 
of G for a. pair of ml\ter'ials, certnin types of systematic error in 
the elastic meaSUfCments will be eliminnted. 

ii) For Poisson's ratio, to ndopt the values obtn.ined by the 
ultrasonic method in which this qun.ntity is given directly in 
terms of Ule observed wn.ve velocities. This vn.lue is likely to 
bo considrrnbly mol'O accumte thnn one derived illllircctly 
from !ltatic nlC'1\8UrClllents of Hand G since, as thcse nrc deter­
mincel by difl't'I'('llt expel'illlCnt,d pl'Ocociul'es, their mf".io nll\y 
ho HII hjed til 1\ HYHt,l'lImt,io (1rl'llr. Hin('11 11;/° ,- 2 (I ~ n) alld (f 

is rHll'lIl11l1y inl~\I'nl<'diat" hPl,W(" ' 1I 1j:1 nlld '1/-1, ,UI.\' ,'1'1'111' ill 
Ic/a would ent.ail 'Ill IlITOl' ]Il'Opol't,iOlmtdy 4 0,' r; t,inH'H 11101'/.('1' 

ill n. It mlty ho 1l0fAod, howev\\l', t,llILL (1VIIII ir Lhe adliitl v,duo 
of R/G WOI'O RlJllHlwhnt in 01'1'111' Lhe re1,~tion heLweon Lho lon.ds 
and displacements would aWl help to show ujll\ny importnnt 
variation in r1 over Lhe mngo of stress, so tlutt the sLatie results 
provide useful evidence on this point. . 

Tho ultrasonic measurements provido direct informn.Lion 
on tho el,ttic isot,ropy of tho mnLcrin.l. This was founel to ho 
fln.Lisfaetor'y in tho CMO of all throo lllatoril\l~ considered in 
tldl:l investign,tion. 

Tho relations between displacement and applied force 
given by tho extensometer measurements showed 1\ sntis­
factory degree of linearity, nnd freedom from importn.nt 
hysteresis effects, with the exception of tho tungsten nlloy at 
high stresses. When tested under the condition of a rising 
series of values of stress, this materinl exhibited departures 
from linearity, principnlly for stresses nbove about 1600 bars 
(1.6 x 108 N/m2), which seemed consistent with some degree 
of plastic deformntion. Series taken in descending order of 
stress, however, showed a much closer approximation to linenr 
behaviour, indicating a modulus reasonably consistent with 
that obtnining over tne lower rango of stress, i. e. before the 
appearance of the anomn.lous permanent set, This point is 
further discussed in the next section, whero a variation of the 
balancing procedure used in the similarity method, to take 
account of this anomaly, is described. 

I) Experimental method 
As previously remn.rked, the elfeetive n.reas of the piston­

cylinder assemblies of tho two different mnterinls hnve been 
comp~re~ by direct balancing on a eommo'n l1rcssuro Bystem 
l\R tIns 18 tho most convenient method Itssuminrr that two 
COII\\)\eto pressure balances arc availahle*. 0 

I . • 11 ~ho\lld be nowd that the balnneing process is not in 
!':~~I;~.~ll\nwl\\l\\ to til,? .flimil.arity procedure. The essential 

,h ... , Ih t'<)\Hhbrotmg loads on the two assemblies 

For tllC purposes of the present work the efjuil ibriurn state 
of a piston-cylinder asscmbly ill defincd to he that in which the 
pisLon is fnlling I\t /juch a raLe as exnctly to compcnsate for tho 
volumo of fluid lo!!t by tho naturallcakago through thc inter­
sjlnce between the piBton anti cylinder. 'n t he case of two 
asscmblies bn.lanced agninst one another, thesc conditions 
imply that thcre is no movement of fluid through the connec­
ting line. Lanka in other parts of the system must of course be 
enl'Ofully eonLrolied if these equilibrium conditionR arc to be 
r('jll'Ocllleocl unn.l1Ihigllollsly. The aecumcy of the balancing 
prot'(,H8 iH nOl'l1lltlly of tho order of a few part,,! in 1()6. 

Tho ucpenuullco of Lho oIfectivo area on temperature ImR 
boon fOllnd to bo udcfjuo.tely roprosontec1 hy ihc I\r '0. cocffici 'nt 
of thermal dilatn.tion which, in the case of steel assemblies, 
amounts to 0. chnnge of about 2.3 parts in 1OS/ °C. The 
tempcmtures of the piston-cylinder assemblies were measured 
to within about 0.05 °C. 

To load carrier To auxiliary piston 
and load carrier 

I I I I 

I I I 

I I I 
I I I 
I I 
I I 
I I ,. I 
I I 
I I 

Pressure seal 
I I 

I I ! ! 

Pressure seal 2 J ll- S 
Type (a) Type (b) 

Fig. 2. Diagrams of piston-cylindcr asscmblics (Scale of cm) 

SOIllO obvious slllnll corrections to thc loads on tho two 
aSMelll hlies limy he lllll't'HHItI''y to IICCOllllt for: 

i) any dilli' mlll'" of 10\'\'101' t.l\(\ t,wn piHtoll!l; 
ii) huoy,tncy (1Ifllet,1I dlill t~) ItU'y Hllhnl(ll'~l·d port ionH of tll(l 

piHt~1I1 of ot,I1O[, t.hILn t,lw wOl'king dialllot('I'; . 
iii) Hllrfl\CO tension nt Lho Illl'uiHeUS ,IL tho IIl'prr end of iho 

piston. 
Sineo Lho compn.l'ison is between asselllblics of tho sumo 

nominal dimensions, Lho corrections involved in ii) and iii) will 
nOl'lnally enneel out, or nearly RO. 

Two rather dill't'mnt tY]l(,R of piston·cylinder IIss('mhl.'· 
11I\ve heon used in tho pn'sl'nt work, nncl t IH'~o nm ~hown 
tiingmllllllnticnily in L"ig. j, ,\) n.lld b). Units of typP II) ha\'(1 
boon IIAed ovel' tho l'IIugo of pl'rssllre up to nbout 300ll b:lI's. 
the assemblics ha.ving nOlllinlt1 cffective al'ens of 0.0.3, 0.02 
and 0.01 in"* and differing only in t.he din meter of the piston 
nnd cylinder bore. The units of type b), which ha\'e been used 
mn.inly fol' the higher pn.rt of the pressure range - i. e. from 
about 1500 to 6000 bn.rs - were of nominal Ooren 0.005 in"·. 

Tho piston-cylinder units of type a) are nttached to the 
support column by screwing into n co11l1r shown in outline in 
Fig. 2, the pressure senl being effected betwcen an annular 
projection at the base of the assembly and a fiat shelf at the 
upper end of the column. In order to avoid any possibility of 
anomalous effects due to a discontinuity in the eillstic modulus 
at the junction, the support column ~scd in assoeintion with 
any particulnr assembly was constructed of the snme mntNinl 
as the nssembly itself. In the units of t.,·PC b) the housing. nlso 
shown in Fig. 2, wns rather different. The mnin cylinder block 

should be determined for exactly the snUle pr('ssnre, It would 
bo possible, though more difficult., to do this b~' determining 
tho · lon.d on each assembly separntel~' when rxposcd to nn 
accul'l\tely reproducible pressurc idontifkd, for ('xllmple, by n 
phl\so Lmnsit,ioll of l\ puro substnnce, )f two rompleto bnlnnces 
were not n.vai"~blo it might \\'el1 bo Ilocr!<snry to resort to somo 
such mothod. 

* Tho lI.pproximato mctrie oquivnlent.s aro: 
0.05 in2 ~ 0.322 cm2 ; 0,02 in2 - 0.120 cm2 ; 

0.01 in2 - 0.0645 em2 ; 0.005 in2 - 0.0322 cm2• 

~ 
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was Iwlcl wiLh n. tight. prC8~ fil. in nn out<oJ' jacket and, t.o 
inveRtigntl' t.1ll' {'freeL of I.ho lall.l'r, l{'sl~ I\'(\n' llIade hoth wiLh 
tho outer jaekot of the cOlllpal'ison nHIll'mbly of t.he sallie 
materia.1 (tun!!,st.l'lI) ns the inner block. Itnd also with Il. j,tckct 
of high tensile st('('1. TllI'sc t,,·o nl'J'nngcllIcnls ,;holl'e<l 110 

apprc{'inbll' diAl'I'{,lI ('e 'IS I'egnl'cis t.he riiRt.orLioll fn.etol'. 
All dinlllctl'lli nlC'nSUI'l'llIentl:< I'l'qllil'{'d on Lite piHt.ons ,\n<l 

o~'lindl'1'S 1\'l'I'" ('nrri('d Ollt. in ihe 1';ngin("'l'ing i\letrology Hec· 
Lion of the ::-;tll.ncin.l'ds Division of ihe NatiOlml Phvsienl IJabo· 
rntory by rlil'(,!'t {'olllpnl'i~on with high qun,liLy 'A lip gallgeR, 
thc sizes of whil'h ,we known to about :1:10- d in ( 10.021)/lIn) 
(NPL Ann . Hep. I!)I!): TAYI,EII. 01'< ·J!)fii'i). 

The Ilmin part of t.he lon.d on t.1IO piston II'ns applicd in thc 
fllllliliar mnnnOl' by annulnr IlIUSSCS sLackcd on a cylindJ'ical 
carrier of thc over'hang type slIpporu'd on thc IIppcr cnd of tho 
piston b.v a steel ball. In order to minilllisc frietion the assCIll· 
blicR wore lIhl'n~'s opcmtcd with t.hc piston IUld lonn system in 
fl'Cc rotat.ion. Thc specd of rotntion is not ill general eril.ical 
for u&sembli('s of thc tyP('~ IIHl'd in Lhe [In'sent llIe1t1iUl'Cments 
bllt for definit<olWss n. spcl'd in tho ranf(o :~o - 40 rcv/min W(ts 

normnll.v adopted . PiRLon.cylinrIcr ass!'mblies occasionally 
('xhihit· nllomalolls l'ff('ct.~ rIlll' to small helicnl 01'1'01'S on the 
piston surfll.oe - oftI'll l'efel'l'Cd to as "corkscrewing" - which 
have the cffect of ndding a spurious componcnt - positivc 01' 
negative nccording to the dircction of rotation - to the load. 
These effccts al'C cnsily identified lind in ordcr to eliminate 
thom llH'nslll'emonts \\'~r{' Itlll'lI)"8 made IIRing bot,h dil'cct.ions 
of rotation. Itnd t.ll!' men.1I vallie adopted. A n.v asSC1I1 hl.v 
Aholl'ing; a consioemhle dl'gl'(,o of 1\i\.'·ll\lIwtr,Y of t,his kind 
would htwo beon I'cj('cteo 1\8 IInsuitablc fOI' mCI1SIIJ.'CI11Cllt,s of 
the accuracy Itnd rcpl'oducibility necossary for the prescnt 
work. 

In carrying out thc bnlancing experimcnts the fall of the 
pistons wus observcd either by t.he lise of optical magnificntion, 
or electronically using a capacitance methon. . 

The normal practice in taking observations over any given 
range of pressul'C was first to take a series in rising order of 
pressure nnd to follow this ns soon as possible by a repeat in 
descending order. In general these series showed no systematic 
divergence and hysteresis effects were negligible. There was, 
however, one exception to this rule. applying to comparisons 
involving the tungsten base material at prcssurcs above about 
:1000 hilI'S, In this ('1\8e thc riRing serics of points over tho upper 
JlILJ·t of thn )lJ'('HMurn I'IUlg<' Hholl"'d IL I.(llldl'n,·y t,f) f:1JJ'VII all'ILy 
frolll I hn ilJit.ild Ht miv.J.I. lill" ill 1.111' >1"11"" of' ILII ,d,lull·IIIII.II\, 
11I1'j.(o illl'''''IIMII ill lI.rl'lL II)) 1.111' 1'11.1'1. 1'1' !.h .. 1.11I1V,,,I .I'1i 1I.">lI'IIIIcI.i" 
'l'hiH 111.11111'11\111 "11111(111))1'111. III' I hI' d"I'III'1I1n.I .ioll J'(·"'lvI'J'(·d 011 I.\' 
VOJ'y >111111'1." Oil "'"11111'111 of' I,ll<' )1"'· ...... 111·' •. n.lld iI, \I'IL" f'ound I hili. 
if. 1\I'I.or eXpO~IIJ'1l to til!' IIlItxillllllll p\,(·H~III·(· . II rl'llIl.ivuly mpid 
seriot! of \'("Illings 11'11>; i:tken in dt'~l:ending oJ·tler, thm;o I\pproxi. 
mated well to a stmight lino which. moreover, wns scntlibly 
parallel to tho initial portion where hysteresis was not appre­
ciable. As already pointed out, the elnstic constant measure­
ments on the tungsten base alloy showed very similar charac· . 
t.oristics, with aneiastic effects over the higher ranges of strcss 
but providing reasonably consistent values of the elastic 
modulus from the series of rennings taken with diminishing 
stress. It was consirlercd justifiable. therefore, to regard thc 
descending series as being fairly representative of the elastic 
behaviour of these assemblies, in so far as this enters into the 
similarity procedure. On this basis measurements with the 
steel and tungsten assemblies wcre extended up to the region 
of 6000 bars. The practicability of using some more recently 
developed alloys of high modulus is being considered for 
possible further extensions of the mcthod. 

4. Results of the Similarity Method 
a) Measu.?·emenfs involving two rnftle1'ials /01' lhe ran(le 

u.p to :3000 bar8 

Some account of the earlier measurements in this 
series has been given in two former papers (DADSOK 

1955, 1958) but for completeness the main features 
are summarised below. 

Fig. 3 illustrates the results obtained with a series 
of piston.cylinder assemblies of type a) - Fig. 2 -
covering three different ranges of pressure. The chan· 
ges in effective area are shown as parts in lOS of the 
area at zero pressure, and in two cases results are 
given for different transmitting fluids. 

AR was mentioned earlier the disiortiun faciors for 
assemblies of this type may be very closely represen­
ted as lineal' functions of the applied pressure, the 
dispersion of the experimental points rarely amount­
ing to more than ± 1 part in 1.05. 

It will Itlso ue applwent that for a givell filliJ the 
distortion coeffieients for asscmblies having different 
eylindel' bores are very similar, the coefficient }'.'i 

beillg normally in the region 4 X 1O- 7/bar. The normal 
manufaetLU'ing tolerances on this type of aSRemhly 
seem to involve little variation in the distortion 
coefficient, the values for a substantial group for the 
same transmitting fluid having been found to vary. by 
only a few percent. 

A point of interest arises In connection with the 
use of different fluids, when, as illustrated in Fig. 3, 
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Fig. 3. 
Distortioll factors of a grOl1P of stcel IJiston'cylinder nsscmblies of trpc n 

some variation of the distortion coefficient may occur. 
It would seem that these effects must be connected 
with differences in the functional form of the depen­
dence of the coefficient of viscosity upon pressure 
and its resulting influence on the pressure distribution 
in the interspace between piston and eylinder. In the 
diseus~ion of the formal theory of the prcssure balance 
earlier in this paper the effect was examined of IlHRJlIIl· 
ing that the compollellill of the mdial dilll'hwcmf:nt,H of' 
thc surfaces of the rillton and cylinder aL a g-iv('n 
position due to the fluid pl'cssure in tlw int<.J I''' plI(·(l 
could be taken as proportional to 1 he I'rcHHlIl'll III, t.he 
same position. Reasons were addllced t 11Ilt. this IIHSIIJlIP­

tion was unlikely to uc Jlluch in errol' ill the l!aHO of I he 
piston, but \vas lOS-I) secure ill the case of the (·),Ii lld/·r. 
It is an immediate consequ('nce of' Ihi" HS!'mnll'li('1l . 
sec equation (:Ui) - that the distortioJl ra(·tor ill 
independent of the actual prcssure diRtri""t ion ill I he 
interspace, and should therefore he ind(·pendent. of lho 
tran 'nlitting fluid. The experimcntal n'slIltl:l thUH 
pro\' ido evidence that the assumption in question ill 
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not l'1l1 ircl.v correct, 11'(-, !em;t, I"or Lite 1~:,;sclllbli(,H of' t .. vpc 
tt), IIml it, will be tho (~ylilld('r, t.ho la,t,ora.1 dilllellHiolls 
of wh icll a ro Ilot HIlH~1I compn 1'('( I wi t,1t [.ito Icngl,h of tite 
working scction of Lite uO)'c, where Lite pl'incipallimit.a.­
tion will 1Il'ise . H t;ite cyJilHkrs wero apprecia.hly IOllger 
compared wit,h [.itl'il' wI~11 t',hi(\knPHH, ILllIl LIII' I'egioll of' 
llt.t.a( ~ hllwIlL \\' ('1'0 IO(' /L t.('d I"1I1'I ,h('1' ILIVI(.,)' 1"1'11111 t.ho work· 
illg porLioll, t.h o d(\ P(' llilclI( ~o on Lito J\1~Lul'e 01" Lh o fiui!1 
might woll bo reduced. AIUlOugh the changes HO fal: 
oUReJ'verl nl'o Hot very ]a,rgo, thoy nro suffLCiell t; to 
require that any st,Il,Il(l;ml en,libmLion of It pist,on­
cylinuer assembly inhllltie(l for work of high Iwelll'aey 
must be I\ssoeia.tcd with the pa,rticular fluid used. This 
is an aspect of the pressure balance on which more data 
would be useful. 

b) Results 0/ measurements involving three 1'Yw,terials 
with discu8sion 0/ ermrs 

The thrce-ma.terial procedure has bcen carried out 
for two pres.;,ure nl,nges - 500 and 1200 bars -

alt,hough the c:o!"l'ect,ioll flldo!" nlrl'ndy di He ll H~('rl 

Hhollid tltke aCOolillt of' t,hiH . Mnkillg II H(~ of ('qllllt,ionH 
(:J .G) La (:I.H) and ill t rodueing the 11<:1. II a l nurn!'l'ieal 
values of ICIIs ... , it iH easi ly HIIO",n that, 11 11 e rror of 
xo;v in t,ho ro l cv[~n t ratio of C' lltflt,ic moduli (Ii) lendH t.o 
p!,l'(:e llt.a.go CiTorH ill t,II(' I,hrl'o vnlll('H. ;, ,~, ;.:~ alld ;'.~' of 
t,ito diHt,ort,ioll f'm:I,()!", of' aholil. :1.:1x . t .,lx and (I .!)x 

l'OHpeeLivoly. III t.lli>! I'cs ped tllen'for!', I.he dirC'('t 
comparisoll using S ILnd '/' ancl t ho indirect. ('om pari­
son, would bo ex pectcd 1.0 sltow an apprc'cin.!>lo lI(lvon­
tllge over the diroet c:ornpllriRon w .. ing .'-{ lind N. Con­
Hi<icring now t,ilc elTOI'S ItssoeiltLc(1 wil.h t.hc eOIT('ct,ion 
terms Os ... of equa.t,ions (:3.(» to (3.8), introduced to 
a.llow for diffel'enees of Poisson's ratio, some arlvantage 
may lie with the direct comparison using Sand T in 
which the two Poisson's ratios are nearly equal , the 
correction term in this case amounting to only a hout 
2% of the total distortion factor. 

The data of Tab. 2 arc thcrcfore sccn to be con­
sistent with the assumptions that the main errors 

involved areaHsoeiatcd with 
Tallie 2. Re.wlts 0/ three-mll/eria.l e.l·pcr i lllm/ .• tho values adopted for t ho 

elHHt ie moduli, an(1 that the 
ratios of these arc known 
to the ordcr of ± 1 or :!%, 
the corresponding distor­
tion coefficients being con­
tained within a dispersion 
of about ± 4%. If, howeyer , 
the two most favourable 
comparisons (),~ and }.~') 
are selected, and the mean 
taken, the final result is 
unlikely to be in ~rror by 
more than about 2%. In 
the practical application of 
the results this procedure 

Distortion coefficient 

Nominl1.1 
effective 

area 

Pressure 
range 

of steel asscmbly for castor oil 
(bar-I) 

Direct Direct Indircct 
eOlllp<1.rison compnrison comparison 
with bronze with tungsten 

(bars) (J.~) (A~) 

0.05 in2 1)00 4.21 x 10-7 4.00 X 10-7 

(0.322 cm2 approx.) 

0.02 in2 1200 3.96 X 10-7 4.1 0 X 107 

(0,129 cm2 approx.) 

Mean results 
for above 

cases 
4.08 X 10-7 4.05 X 10-7 

employing assemblies of type a) - Fig. 2 - of nominal 
areas 0.05 and 0.02 in2 respectively, using castor oil 
as the prcssure transmitting fluid . The r esults of these 
measurements arc summarised in Tab. 2 in which are 
shown the values of thc distortion coefficients for the 
steel assemblies determined both by the dircct and 
indirect methods. Over the pressure range in question 
the dependence of disrortion on pressure was closely 
linear, with no appreriable hysteresis effects. The 
actual eoefficients given are best fits by least squa.res 
to some four to six sets of data.. It is worthy of note 
that it has been verified by direct. balancing that the 
distortion coefficients of the two steel assemblies 
concerned are actually equal to within 1 %.The total 
c1ispersion of the results is in the rcgion ± 4%, but it 
will be seen 'that there is evidence that the direct 
comparisons involving bronze (As) are subject to more 
scatter than the remainder. This result is not RUt'­

priHing Hillee, rmlll t,he point; of viow of t.iw illflllcnce 
or po>!si hie IIi I<:el't.ni IILics ill t,ll() elnHt.io (:OIlHLII.IlLs , t.h iH 
cOlllpal'isOIl iH ill overy way aL It diHadvan(,lLgo rcla.Live 
to the other two. Since the factor k has here its smal­
lest value ( = 1.44), and the comparison is with an 
assembly having a larger distortion, the operative 
factor in equation (3.6), viz (k - 1), is particllln,l'iy 
sensitive to an enol' in k. The fact that tho Poisl:!on's 
ratios are somewhat different is also not an advantago, 

has been adopted. 

c) Extension to pressures 0/ 6000 bars 
The extension of the similarity method from 3000 

to the region of 6000 bars has bcen enrried out entirely 
with assemhlies of type b), of nominal area 0.00,) in 2, 

those of type a) being normally restrict ed to usc below 
3000 bars. Tho experimental nlue of the dist·ortion 
coefficient is 3.02 X 10-7/bnr, and is thus appreciably 
smaller than the figare for assemhlies of t.ype a) 
averaging at about 4.06 X 10-7/bnr. 

The form of the t~rpe b) asscmbli('s npproxinl<\tes 
more closely to the " ideal" piston-cylindf'r combina­
tion. In considel'ing the formal theory in Section 2 it 
was noted that a very simple approximation to the 
distortion factor could be derived on the assumption 
that the radial displacements of the piston and cylin­
der stU'faees at any position due to t.ho fluid pressure 
in the interspace are proportional to the pressure at 
that position , and. the limitat.ions of this assumption 
wem tiisC m-lRe(1. inserting the nppropriate nllmerieal 
VltiJWI:! in o(JllIlt;ion (2.ii) Lho diRt ort ion cO!'fli"i('nt so 
deduced, ussuming a mtio of cXLcl'llal to inte l'lla l 
cylinder diameter of 10: 1, is a.bout 2.9 X 10- i jbar. 
The close a.pproach of this figure to the experimental 
value for the type b) assemblies cf'rtninly suggests 
tha.t the assumptions involved in tho " nai\'e" theory 
are not grell.tly in elTOl' in this case. There 11 l'e , how­
ever, some fea.tures of the actual cylinder, not.ably the 
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strcs~cs on thc cn(l SllI'fl1CCS, which are not taken into 
acconnt. in the cn.lcllla.t.ion so that thc rathcr dosc 
agl'ccment ohscrvc(l in this pa,rticular instancc may bc 
purt.!.v fort,uit,oHs. 

Thc applientillll of the similarit,y mct.hod dclcr­
mines thc dist.ol'tioll cocfficiellt::; of 'IH' (vpo n) illUI 
t.ype b) assemblies fjuit;c ill(lepcndellt.iy of olle a,lIol,hl'r. 
Since the t.wo t.ypes arc found to h:wc appreciably 
diffrrellt cocfficicnt.s, a dil'cllt comparisOll, c. g. by 
balancing n. Htecl asscmbly of typo n,) il,ga.illst olle or 
typr. Il), is now a.ble to provido an addit;ional chook of' 
thc oV('l'IIll aec\ll':\e'y (lr Lhc pI'OClcdtll·c. Tho l'1'::Iull,R of 
cxpt'rillH'nt-R Oil 1."1'1'11' lillI'S 111'0 HhoWII ill Fig. 4, whinh 
com plI.I·OH t.he V/thll'S of t.ho d iHt,OI'l,ioll I'ltllf.ol'l'! or 1\ 

type b) I\HRlllllhly c\cl'ivml in (',wo in<lopcndcnt ways: 
i) by direct al'plica.tion of the simila.rity method to 

the type b) assembly, and 
ii) by compa.rison of the Slt1l10 t,ype b) assembly 

with assemblies of type a), the o.istortion factors of 
which hao. previously been determined by direct 

' application of the similarity method. 
It will be seen that the results obtained by the two 

. methods are practically indistinguishable; the actual 
mean values of severa.l determinations of the distor-

la 200r 
' l:5 

. ~ ~ I~ 
~ '~/OOI ~ -

- 1 I', -T-
o Simi/on'ly me/hod-direct 
!} Comparison wl'Ih colibrated 

ossl'fTlWies of type ra) 

.<:: -t 
~~ I /'.~ 
~ ~ _ _ I L--J 
6 0 1000 2000 3000 '1000 5000 6000 

.s; Applied pressure (bars) 

],'ig. 4. Distortion factor of assembly of type b determined by two method. 

tion factor for the type b) assembly are 3.02 X 10- 7 

and 2.95 X 1O- 7/bar for procedures i) and il) respec­
tively. This independent check thus supports the 
estimates of accuracy put forward in the foregoing 

. section. 

d) Practical applications 
Once the effective area of a pressure balance 

assembly has been measured in absolute terms as a 
function of pressure over a given range, it is possible 
to calibrate almost a,ny othel' assembly covering the 
same range, and using the samc pressure transmitting 
fluid, by the process of direct balancing. In the course 
of the present investigation a, large number uf indivi­
dual balances of different patterns have been cali­
brated, including many for other users. Bala.nces 
involving piston-cylinder assemblies of typcs a) and 
b) - Fig.2 - have already been discussed. These 
show, for a, given f'\uid, fa.irly consist,cnt distortion 
eocfficicnts, typificd by the va.lucs givcn above in 
sections 4 b) and 4 c). In such eascs, it ma,y bc suffi­
cient for many purposes to takc an average figurc a,s 
typical of assemblies of a givcn pa,ttern. 

Another type of ba,lance in common use, of which 
a considerable number have been calibrated, is tha,t 
employing a sjmple piston-cylinder assembly consist­
ing of a bronze cylinder combined with a stccl piston. 
This typc also exhibits fair consistency a,s regards 
dependence of offcetivc area upon prossure, the distor­
tion coefficient being about R X 10- 7/\)ar. 

C'alibra.tions hn.vc also heen ma.dc of a number of 
diffcrcntial piston-cylindcr as 'crnblies of the well 
known form ,hown dingl'11mmaticnlly in Fig. 5. In 
this typc of assembly the actnal effective nrr:1. is t,he 
dilfercnce bctwccll the cffectivc arcas of tho two 
('oIlHI i l.lIl'llt, piHI,oll-oyl i 1)( It I' comhi na.t iOIlS , t.hc \l ppcr 
(·olld,illlll.ioll Il('illg vllrint! ill r/i IL rtI/:I('r to s!lit the 
dl'Hil'ml 1"'eliHul'o I·,LIIW'. Tho ':fII'Hid"nd j'l/l li II':ldi ng to 
the appl'oximat,c eqllittioll (~.()) nllty (:Ilsily 1" , nx1.cI,rll,d 
to il1elncio thiH dil[e['cntinl Lypo of ItHHllmbly (<:. g. 
%I IOI\OV:;I([[ 10(iO) n.nd jNtd to t.he expectation of n. 
distortion coofllcionl; in Lho I'llgioll :l to 4 >~ 10 7/1>£1,1', 
with It gl.·i\dual decl'caHo It!; t,11O d iJ'lmol,(lr of tho IIppcr 
nnit il:l mducod . ./<;xpol'icilce n.t the Nn.tionl1l PhYllicJ'l1 
Ln.homtory so far has imlicat,ed, however, that this 

! , I ! ! , 

o I 2 3 'I Scm 

.--To lood 
carrier 

Fig. 5. Diagram of differcntinl piston-c)'linder asscmbly 

type of assembly does not exhiLit the kind of consist­
ency found in the case of the simple piston-cylinder 
assemblies. In a group of ten sllch differential assem­
blies coefficients ranging from a,bout zero to 11 X 10-.' / 
bar were found, with no indication of any regular 
dependence on the constituent piston diameters. This 
may be due to the fact that in many cases the effective 
area is the difference between two much larger areas 
so that the effect of n,ny n,bnormality on the part of 
either of the constituent piston-cylinder combinations 
may be considerably magnified, It could also be 
associated in part with the difficulty of constructing 
such assemblies with the two cylinders exa.ctly c~axial. 
\Vhatever the expla,na,tion, however, it seems that 
each assembly of this type requires individual cali­
bration and that the a.ssignment of typical values of 
the distortion coefficient, 01' reliance on calculated 
values, woulo.not be satisfactory in t.his case. 

5. 'l'he }'low Method 
a) P.,.inciple 0/ the m e/hod 

The flow method was developcd in order to pro­
vide a.n independcnt chcck of thc changes of effectiyc 
area, of a pressure bala,ncc asscmbly determined by 
thc similarity method, by means which wonld be 
independent of the considerations on whirh t.lw 
simila,rity method is based, but which would still 
depend entirely on thc propcrt.ies of tho a ,, 'om hly 
itBelf without reforence to ot,hcl' RtHndal'ds of pl'eSBllre, 
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The principle used is to in(,l'odlH'C ;. d('lib(,I'<lLc an(L 
aecuratcly Jl1cas\lt'ahlc init,j;d ('hange of' elTect,ivo aron 
- by varying I,hc diamct.er of ono of t,hc eompononLs 
of thc as~cmlJly - which is lIlade to tic rvo a,s no J'ele­
rellCC qua.ntity in t,Cl'mR of which the audit,ional 
changes of effective arc a due to prcssure may be 
calculated from measurCll1ent;s of other <]uantitiel:! 
which vary with the applicd pressurc. 

The pl'Oecdnrc used is actually only one of a class 
of possible met-hods, of which others will be mcntioncd 
below. In the form adopt-cd t.he ra.tes of flow of the 
pressure-transmitting fluid through the interspace 
between the piston and cylinder are measured, at a 
scries of applied pressurcs , using two a.ltcrnative pistons 
having nn n.ccumtdy known clilTornn co of daimctcr. A 
Rimple relnl,ion may thon lie dcvelopo(L c:()nncc:ting 
the chn.llgns of efre<Ji',iv(l f\.I'nl1 due t,o di:-;Lortiol1 wiLh tho 
initial change due Lo I,hc different pil:!ton dia.meter , ;\nd 
the rat,es of fiow eOlTesponding to the two pistons. 

Two other methods of the same general nature, 
but not depending on flow measurement, were consi­
dered and some preliminary experiments carried out. 
In t.he first case the quantity measured was the rate 
of retardation of the rotation speed of the piston and 
loading weights due to fluid friction in the clearance 
between piston and cylinder, corresponding to the 
two piston diameters. It was found, however, that the 
contribution due to air friction on the rotating load 
system was an important factor, and rather elaborate 
measures would have becn necessary to eliminate 
this effect. III the second eaRC the intention was to 
COlTlllltre tho eJent,l'ical earaoitaneo8 of t,lIo pisLon­
cylindel' I1SROlllbly cOl'l'e:;ponding to Lhe Lwo pi:;t,on 
diametel'l:!. This met,hod , ()n which 80 fal' only very 
preliminary trials have becn made, would vcry likely 
repay further exploration, but a lmowledge of the 
pressure dependence of the dielectric constant of the 
transmitting fluid would be required to complete the 
reduction of the experimental data. 

b) Theory of the flow method 

The main problem in the thcory of thc method is 
to est,ll.blish a reasonably simple conncction betwccn 
the mcnslIl'<ld mt,(,s 0(' flow of t,ho pn'RslI l'O t,l'nnRmiLl;ing 
1I11id Itlld 1.11(' ('OI'l'('s(loIHling ('lInng(,1-l or ('fr('<:I.iv(l 1\.1'('/\ 

",I, I,ll" 1'<111111' 11 !'plio'oJ PI'IIHI-lIII 'o'M , 
'1'0 illl .l'oeilll·" I,hl \ VI1,l'il1l ,ioll Iti' .drl'o I il' I' "1'''" wit II 

I"'''HHIII'I) W II 1101011('1,11" i'oll'IIlulo'xjln 'HHiol\ (:! .r,) o,i'I-l".d ,i,," 
~ b, ill whi,,11 1,111 1 <)111,)' 1.1'1'111 dnjllllldolli. 11111111 II. is L110 

I' 

ill (,I').(ml , ,,~, r lit/I" /1'110 1'l'llIlIiiljilg vuri"III" 1.(\1'111/ 

it 
P (:~ a - 1)/J!:, is t\ sm;\ll part of tho total, JUHl it has 
already been scen that thc assumption 011 which the 
derivation of this term is based is unlikely to lead to 
appreciablc error. 

Denoting by Q the volume velocity of the fluid 
through any section of the annular gap, and'Y) (x) the 
coefficient of viscosity of the fluid at the axial dis­
tance x, it is easily shown that, under conditions of 
viscous flow, 

(5.1) 

* To l\Void nnnCCCHHI1l'ily cOlllplicat.ing I,he noLItt.ion wo 
il{norc vl1riaLions of the density of t.ho /luid wiLh pressuro, 1\8 

t.hcMC arc very IIllimpoJ·t,nnt comprwed with the vt\J'iaLions in 
the coefficiont of viscosity. 

and by direct integration , we have 
I' 

r -'t~_ riJJ 
• '1 

3Q 
---- = (5.2) 
4 nr 

o 

J n order to exhibit the direct relation hetween Q and 
p 

S hdp in a suitable form we may integrate equation 
o 
(5.1) by a differcnt route, whencc we obta.in 

(.?...2.) -;-
4nr 

(5.3) 

1 
This equation shows that the factor relnting Q-a- to 
l' 

S l/flp is a function only of thc prellsurc distribution 
o 
in the interspace between piston a.nd cylinder, and is 
not explicitly dependent on h. This suggests the 

P 1 

possibility that S (1] ~;) '3 dp may not vary very much 
o 

for a moderate change in the initial diameter of the 
piston. 

Re-arranging eq1;lations (5.2) and (5.3), and writing 
for brevity 

1 

X= (~)3 
4nr 

we have 
l' 

S lulp = X J ; 
o 

l' 1 

and J = - S ( 1] :) ' 3' dp 

o 

i- S" ("[ 1t3 ) i-f = 1 hdp / . -r; dp (5.4) 
o 0 

The second of these equat.ions provides the basis for 
the calculation of the integral factor 1, connecting 
the required changes of effective area with the experi­
mentally determined rates of flow. 

Before considering furt.her the evaluation of the 
integral J, it is convenient to com-crt the formal 
cquations eonnccting t.he changes of effeeti,-e area 
wit,h the quantities X and 1 to a forl11 s\litable for 
npplicnt,ion t,o t,ho ('xpI'I'illl{,III'111 dnla . 1'1'(){·(,(·din/£ 
fl'OlIl. ('qllnl,ion (:.l,Il) IIlId 1I .~ iIlK ~ lInixt'1l I. :.! \\'hl'n' 
IlI'II( 'MIlIII',Y f,o dil'llill),{uiMh IIIP I,I\'P pillioll dillllli'I(·I'II. 

lIud dl'nol,jug Il'y (~" l,h'l VIIIIIP or (1', - I'y) I\'P 1111\'\1 

I' 
{' 
J~ (:1 (1 1) 'I .,.:.l/.J",d/I J], 

o 

[ 
p '~}l: ] 

.11'.2 = nri 1 + E (:3 a - 1) + r; p. h2 dp2 
o 

whence, ignoring terms of the second order of small 
quantities, 

and 

Ap,l + A p ,2 = 2m'i [1 + ; (3a -1) - orr + 
P 

+ rip (S hI dpl + 
o 

l' P 

Ap,l- .111',2 = 2nrf[O; + r~(.r 1t1 dpl - J ltudPIl)] 
o Il 
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TmnHpoHing, u,nll HulU4it,ut.ing X, " for J hi rip, (t,c. 

o 
WO obt.nin 

( X~J2 + 1 ) 
Xl I, 

(~~ ~~ - I)' 
(5.5) 

The right hand side of this equation is completely 
determined by x2lxl' the ratio of the cubc roots of the 
measured rates of flow, and the ratio 12/11' The quan­
tity (Ap,l - A p, 2) occurring in the denominator of 
thc left hand side may bc dctcrmincd by dircct balanc­
ing ofthc two forms ofthc It:;::;p.mhly ngainst; any th ird 
rcfercncc IIHHomhly, and t;11O qW1llt,iLy brl'!' iH CHLl1bliHhod 
by diamctnd mCIHHIl'CIllCllts on thc two piHtOIlS. The 
small qnantity P (3 a - 1)/E is known wit,h sufficicnt 
accUl'acy from the elastic constants of thc material. 
Subject, therefore, to further examination of the 
factor 121/1 equation (5.5) enables the quantity 
(Ap ,1 + Ap • 2)/2, i. e. the mean of the effective areas 
of the two forms of the assembly, to be determined, 
as a function of the applied pressure, from the experi­
mental observations. 

It is evident that the term nri . brlr occurring in the 
denominator of the lcft hand side should bo idcnt,ical 
with (AO,\ - AO• 2) and this nln,y bo checked directly 
from tho oxporilllont,a l (1M,I\.. If, I\.H may he t,rlO (litHO , 

tho difl'crcneo (AI'.1 - A),. 2) if! illdcp('ndollt-, of Pl'llHHU\'O, 
t,ho denominl1t.or of tho loft h'1I1cl sidc may ho writton 
m.ore simply as - (Ao, l -A o. 2)/2, but it cannot of 
course ho aSRlUllcc1 /1 priori that thi~ condition will 
hold. 

c) 'l're(Ji-ment 0/ the inteyrnl '1' 
In order to estimate the value of I some simpli­

fying assumptions must be introduced if the theory 
is not to become unjustifiably complicated_ From the 
second of equations (5.4) it is clear that we can calcu­
late I if we can express hand 'YJ as functions only of p. 
As regards h, the justification for assuming that the 
part of h(x) arising from distortion due to the pressure 
in the interspace between the piston and cylinder may . 
.be taken as proportional to the pressure p(x) at the 
same position has already been discussed. Bearing in 
mind that we are not really interested in the absolutc 
values of II and 12, but only in thcir ratio, this assump­
tion is not likely to lead us far astray. As before, thcre 
is an additional component of h ari-sing from the 
longitudinal thrust on the piston, which .will be pro­
portional to the total applied pressure, P. We therefore 
write • 

h= H + 'VP + f.1p (5.6) 

where f.1 and 'V are constants. . 
The coefficient of viscosity at constant temperature 

is certainly determined uniquely by the pressure and 
there is considerable evidence availablc from published 
measurements that the dcpendence may be represent­
ed reasonably closely by ' an exponential function, in 
other words that we may write 

'f} = 'YJo eIX11 (5.7) 

whcro I'\. iR a CotlHt,ant Iwd '1]0 iF! UlC valuo at, ZOI'O (or 
at 'IlH1Hphl1rie) P'·OSHIII '(I. This 1'(~IIL"i()1I hnH h('oll fOlllld t,o 
hold wiLh fiLiI.' ILI)cllI'ney for JTl()Ht oils of LYP('H lilwly Lo 
be used ill conjunction wit,h P\'osHure balarw()H, ttlLl!nugh 
it l),ppeal'S that thcro may be morc pronounced tic par­
turcs in the case of some silicone fluids (BRIDGMAN 

1952; Amcr. Soc. Mech. Engrs.1953; ZOLOTYKH 1960). 
The evaluation of I in terms of the oonstants in 

equations (5.6) and (5.7) is now straightforward and, 
writing for brevity 

c = (H + 'VP) exlf.1 
we obtain 

1 3 

1= (l'YJofa P 2 1" , 
where 

I' = (ex P)'t ( c + ex:) . 
1 

J c3 + 3 c2 + 6 c + 6 } - 3 
l - e-"1' [(c -I- exP)3+ 3 (c + exP)2+ () (c -I- ex P) + 6] 

(5.8) 

This quantity may convcniently be represented as a 
family of graphs showing its dependence on (H + 'VP)/ 
f.1P for a suitable range of values of exP. 

In order to ' apply equation (5.8) the values of 
(H + 'VP)/f.1P and exP corresponding to the experi­
mental points are required. Denoting by (!p the ratio 
X2 12/xl II at a given applied pressure P, and by eo 
the extrapolated value of ep corresponding to zero 
applied pressure, and using equation (5.6), we find 
that 

ll .. + v P + I' P/2 
(!P = ij:-~f:Vj'+j-_a'/2 ' 

whonoe, after some reduction, we ohtn,in t,he equat,iuns 

HI +v~ = 110 - .:!.. (~~ _\- 1".) _~. 
p.P 110 - (!I ' I' w..! (5.9) 

-and 

H2 + l' P = p (!o - 'I (~+.!..) _ ~ 
p.P e , /?o -/?p It 2 2' (5.10) 

'Ve do not need to know the values of f.1 and v, but an 
approximate figure for v/ f.1 is required. From the elemen­
tary theory leading to equation (2.6) we easily find 

'II1f.1 = - a/2 (approx.) 

whence we obtain, with sufficient accuracy, '111ft = 
-0.15. Initially, of course, we cannot actually use the 
ratio X2 121xl II since 12/11 has not yet been deter­
mined. In practice, therefore, we commence by using 
simply the experimental ratio x21x1 to obtain a. first. 
approximation to the correction factor , and then if 
necessary proceed to a second approximation. 

To derive the appropriate value of exP we again 
ignore -initially the distinction between II (P) and 

1 

12 (P) , and denoting thc quantity (X2 - Xl) P -3 at 
the applied pressure P by LlX (P) , we obtain from 
equations (5.4) and (5.6) 

LlX-(P) = pi- (Hz - H 1)II (P) 
1 

= (H2 - HI) (lI70)_ 311' (P) 

whence, dividing the experimental value of LlX (P) 
into the extrapolated value corresponding to zero 
appliod pressure, we have 

LlX (O)/LIX (P) = 1'(P)/I'(O) 
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Unking liRe of the vn,llIes or (1/ + l' P)ltt P derived 
above we nrc now Itblo t.o det.el"lnine Lhe value of L\ P 
which best fits t.he experimental dat,11. by simplo in­
spect.ion of graphs Ot' tn,bleH of tho flineLioll ['. III I,his 
easo. ngnin, II. Roeond. ItpproximM,ioll lnlty 00 derived 
if necessary. 

Having en,rried out. t.ho above proeedmes we arc 
110W in a position to determine the vl11ues of 11 a,nel 
I~, n,nd conseqllcnl;ly the rl1tio I~/I1' corresponding to 
the actual experimental points, and ther to calculate, 
using cquation (5,5) of the previous seetion, the 
changes in the effectivc areas of the assemblies 'as a 
function of the applied pressure. 

It) R:/:'l)("/,,i,m,1' nillt 'met/wIl 

'1'he ex porimont.al pmced u rCH wlCcL ill LlmL parL of 
the flow method involving thc direct compn,rison of 
cffectivo areas by balancing need no further eonsidora­
tion as they arc oxn,cl,ly the same as those previous ly 
described in section 3 f. In the measurement of the 
rate of flow of tho pressme balance fluid use is made 
of a very simple device. With the balance operating 
on an otherwise leak-proof system the change in 
volume of the contained fluid due to flow through the 
interspace between the piston and cylinder is exactly 
compensated by the gradual descent of the piston, 
and the rate of fall of the latter is thus directly propor-

scries of measurcmenLR. As a fully temperaLure­
controlled room was not available it WrtS neccilHary to 
dctcrmine a temperature coefficient in order' l,hn.t caeh 
Hode>! of readings eoul,l ho conve rLeJ to 11 com/non 
temperature, which wu.s taken to he 20 °C, In general 
I,ho appamtus and air tempemLure8 WOI'C hcld to 
within a few tenths of a degrce d.UI·ing any one serie~. 
.I n oreler to avoid extmneous frict.ion , all t,he mensure­
mcnts were made with tho piston and associated load 
in frco rotation, the speed chosen heing in the range 
30 to 40 rev/min. J n any group of mcasurcments at a 
given pressure ren,dings were taken n,lternately for the 
two directions of rotation, and the mean taken, to 
CIlf!llre thn,t /l,ny possihlo effects (1110 to small hclicnl 
err'oJ's on t.ho piHion Hnrf'rwo wnro rlimillfl.l,()d. 

Tho changcs of offootivo areaH wiLh pJ'cssure wer'o 
also meal:lured, using the same pressure irallfmtitting 
fluid in cach CM!e, by the similarity mcthod. The results 
of the measurements, and. the comparison of the two 
methods, are discusscd in the next section. 

. 6. llesu1ts of the Flow lIIethod 
a) Experimental parameters a,nG, correction terms 

The various parameters and correction terms 
required in the derivation of the changes of effective 
area as a function of pressure are given in Tab. 3 for 
the two assemblies concerned, together with the dis-

Table 3. Parameters and correction terms 

I Ao (1) - Ao (2) (jr Ap(l) - A p(2) I Typical values of i I Distortion I 

Nominal Mean Ao r Ao I correction term coefficient 
Estimatedl differcnce 00 12111 (barl) 

area of I calculated from cxperimontal l (ex- I vnlucof (\ . of piston d illerone!' of value ! tmp) , I\sscmhly (bILr- l ) I 
dil\metors 

1 piHton dilLlllotefs (partl! in 106) I I PrHHHllre ' 2/ 'I ! .lflow I ~imjJnrity 
(bOor) i method method (pMt::I in 106) ; 

0.05 in2 I 5.45 x 10-5 in I 21.6 21.4 I 1.48 0 1.000 

I 
13.2 x 10-3 4.25 x10-7k3s x10-7 

(0.322 cmil (13.8, x 10-5 cm) (independent I 140 1.002 , I approx.) of pressure) 280 1.0055 
1 I i I 560 1.004 , I 

0.02 in:! 2.75 x 10-5 in I 17.5 I 17.5(P=0) , 1.32 I 0 1.000 2.3 x 10-3 4.07 x 10-713.9, X 10-7 I 
(0.129 cm2 (6.98 x 10-5 cm)1 decreasing 

smoothly to I 
I 250 1.00'15 

Oopprox.) 

1 

tional to the rate of liow. All t,hn.t is necessn,l'y therefore 
is to time the descent. of the piston over a constant 
short distanco, the measurcd time being inversely pro­
portional to the rttte of flow. ]n practice this was cn.r­
ried out hy using an optical mn.gnifiClttion system a,nd 
mellsuring the time of descent over a distance of the 
order 1 mm by RLopwat.ch, but if the met,hod were to be 
used ltt all eXLensively n, more sophisticated procedure 
could obviously be substituted, using, for example, a 
photoelectric recording arrangement. 

.The work has been carried out using two piston­
cylinder assemblies, of nominal effective areas 0.05 
and 0.02 in2, covering respectively pressure ranges up 
to about 600 bars and 1500 bars. The transmitting 
fluid used was in each case a mixture of two mineral 
oils, known commercially as Diala and Talpa respec­
tively. 

Since the coefficient of viscosity is markecUy clepcn-. 
dent on temperature precautions had to be taken to 
ensure that the temperature of the piston-cylinder 
assembly remained as constant as possible during a 

500 1.003 
I 1000 '1.002 
I 1500 O.OOD 
I 

tortion coefficients dctermined by the flow nnd simi. 
, larity methods. 

A good check of the internal consistency of tho 
different mensurements is provided by n, comparison 
of the figures in thc third nnd fourth columns of thc 
Table from which it, will be een that the changes of 
eJfect.ive area at :lew pressnre. ealcuiltt,('d from the 
luensured piston diameters, nre in ,"cry close agl'l'elllent 
wit,h the chltnges determined experimentally by direct, 
balancing. The correction terms 12/11, of which typical 
values are given'. nowhere differ from unity by as 
much as 1 % in the present range of experiments, but 
owing to the form of the right hn.nd side of equation 
(5.5) they are just sufficiently significant to warrant, 
taking them into account,. If the flow met.hod were to 
be extended to higher pressure rnnges it is likely thnt 
larger corrections would be involved, and these might 
eventually limit the pressure range attainable ,dth 
reliability. 

It. will be scen that somewhat, different ndues of 
the coefficient (X were found in the two cases. This 

j 
I 
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probably arosc from thc fact t,hat tho transmitting 
fluids, alt.hough nominally similar mixtures, wcrc not 
actually iilrntiel\l. as WIIS nplH1I"pnt. fl"0111 differonces 
of viscosit,y. 

b) Compa.n:son with the 8i'In1:/nrit!l 'method. 

The most important aspect of thc flow method as 
so far applicd is its value as confirmation of thc results 
obtained by the similarity mcthod. This comparison 
is shown, for the two cascs considered, in Tab. 3 and 
in Figs,. 6 and 7. In each case the same piston-cylinder 
assembly, and the same transmitting fluid, were used 
in the determinations by the two methods. Although 

30.---,----,...--.-----..-----.----. 
Nominal area a05 in 2 (o.322cm2

) 

• Flow me/hod 
• SifTll70rily me/hod 

\ 

/// 

o 600 

Fig. 6. Compllrison of distortion factors detcrmined by thc similarity and 
flow methods. Assembly of type a with mineral oil mixture A 

the agreement is very close in both cases, the confir­
mation is especially important in the case illustrated 
in Fig. 7 where the pressure, and the corresponding 
distortion factors, cover the widest range, The flow 
method confirms not only the value of the distortion 
coefficient, with agreement to the order 2 or 3 % in 

~ 75r-~.----.----.---,----,----.---. 

~. Nominal area a02 inz (aI29cm'ZJ, . /' 
~ • Flow me/hod /" 

15 050 • S/nll'lorily me/hod ./,/' 

~ ~ y' 
Cb ,!:; ./ 

o 

, /. 
v· . 

1750 

Fig. 7, Compnrisoll of distortion fnctors determined by the similnrlty nnd 
dow methods. Assembly of type a with mineral oil mixture n 

both cases, but also the fact that the distortion term' 
is accurately representable as a linear function of the 
applied prcssure. The flow method shows a slightly 
increased dispersion of the experimental points, which 
is beJieved to bc due to residual uncertainties in the 
tempcrature of the assembly. It has bcen noted that 
the correction tcrms 12111 do not differ greatly from 
unity, but it is found that the inclusion of this correc­
tion factor gives a small but definite improvement in 
the agreement with the similarity method. 

The results of these comparisons therefore support 
the estimate of accuracy of the measured distortion 
coefficients already arrived ,at as a result of the discus­
sion in Section 4 b, viz. that these coefficients arc de­
termincd to about 2%. An errOL' of this Jllagnitude in 
the distortion coefficient would imply nn enOL' of ahout 
1 pn.rt in 105 in the effective M'eo. of the o.8~om.b ly ll.t 
1000 barB compared with its value at ZOl'O pressure, the 

error increasing in proportion to thc applied prcssure . 
Tho vcry close agrccmcnt het.wecn t.hc flow 

met,hod and t.he simil;trit.y mct.hod U [J t.o Lbc region 
or 11)00 uu,n; HlIggOl:ltH t.hat Lho flow mrt,hod , Of" OIlC of 
t.he oLhcf" motllOds based 011 the same gencral prin­
ciple, may have uscful applications ill thc furthe\' 
extclll:lion of this work to higher prcssurcs. 
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